In this paper we investigate the central configurations of collinear n-body problem given by the general law of attraction of the form f͑r͒ =1/ r ␣ . A method involving analysis skills of some elementary algebra and calculus is presented to study the central configurations in the collinear n-body problem. It is well known that for given n positive masses, there are precisely n ! / 2 collinear central configurations for Newton's law of gravitation of ␣ = 2. However, it is not true that there is always a position that causes a central configuration for any given ordered particles with some positive masses and that there may exist more than one position that make it central for some ␣ Ͻ 0. We give a generalization of Moulton's theorem for collinear n-body problem for all ␣ Ͼ 0. Examples that Moulton's theorem does not work are also provided.
I. INTRODUCTION AND MAIN RESULTS
Consider the n-body problem in the general law of attraction f͑r͒ with the Newton's law of gravitation ͑f͑r͒ =1/ r 2 ͒ as a special case,
where m k Ͼ 0 are the masses of the bodies, q k R 3 are their positions, and r jk = ͉q j − q k ͉ is the distance of bodies m j and m k . Let C = m 1 q 1 +¯+ m n q n , M = m 1 +¯+ m n , c = C/M be the first moment, total mass, and center of mass of the bodies, respectively.
Rather than solving this notoriously difficult system of equations, it would be much easier if it could be reduced to
where is a scalar function for all particles. Then the motion at any fixed time must satisfy the following nonlinear algebraic system:
for a constant . Because the system ͑1.1͒ is singular for f͑r͒ =1/ r ␣ ͑␣ Ͼ 0͒ when two particles have the same position, it is natural to assume that the configuration avoids the collision set, which is defined by ⌬ = ഫ ͕q = ͑q 1 ,q 2 ,¯,q n ͒ ͑R 3 ͒ n ͉q i = q j for some i j͖.
͑1.3͒
Definition 1.1: ͑Central configuration͒ A configuration q = ͑q 1 , q 2 , ... ,q n ͒ R 3n \ ⌬ is a central configuration ͑CC for short͒ for m = ͑m 1 , m 2 , ... ,m n ͒ ͑R + ͒ n if q is a solution of the system ͑1.2͒ for some constant R. Two configurations q and p ͑R 3 ͒ n \ ⌬ are equivalent, denoted by q ϳ p, if and only if q and p differ by a rotation, followed by a scalar multiplication. This defines an equivalent relation among elements in CCs for m. From now on, the number of CCs refers to the number of equivalent classes. q is linear if all the q i 's lie on a straight line in R 3 . When f͑r͒ =1/ r 2 is the Newton's law of gravitation, CCs play a crucial role for understanding the dynamics of n-body problems. 6, 10 In particular, they have led to important theoretical investigations which are connected to smale's sixth problem, 11 originally proposed by Wintner in 1941. 13 Euler discovered the collinear configurations for the three-body problem and Remark 1.6: For ␣ Ͻ 0, it is not true that there is a position that causes a CC for any given ordered particles with some positive masses. For ␣ Ͻ 0 and an ordered particles with given posi-tive masses, there may exist more than one position that make it central. Examples are given in Remark 3.4.
Throughout the paper, we assume that f͑r͒ =1/ r ␣ . In Sec. II, we study the inverse problem of CCs in collinear three-body problem and prove Theorem 1.4 and give some examples. In Sec. III, we first prove that there exists exactly one CC for each given positive masses m 1 , m 2 , and m 3 in a fixed order on the line and then we prove Theorem 1.5 by induction.
7

II. INVERSE PROBLEM OF CCs IN COLLINEAR THREE-BODY PROBLEM
In this section, we study the inverse problem of CCs in collinear three-body problem. Given a collinear configuration of three bodies, under what conditions it is possible to choose positive masses which make it central. Because CC is invariant up to translation and scaling, we can choose the coordinate system so that all the three bodies are on the positions q 1 =0, q 2 = 1, and q 3 =1+r, where r Ͼ 0. Up to translation and scaling, this is the general three-body configuration. Then ͑1.2͒ is equivalent to 
except for ␣ = −1, where the denominator is zero. By direct computation and simplification, we have the total mass M,
and the center of mass c,
which is independent of the choices of masses.
To have positive masses, we need
So it is always possible to choose the parameters so that all three masses are positive and we need only take
Case 2 ͑␣ =−1͒: When ␣ = −1, any positive masses m 1 , m 2 , and m 3 would satisfy Eq. ͑2.1͒ if we choose = M = m 1 + m 2 + m 3 . The center of mass c is not fixed and depends on the choices of masses for a given position r Ͼ 0.
It is always possible to choose the parameters so that all three masses are positive and we need only take
III. CCs IN COLLINEAR THREE-BODY PROBLEM
We want to prove that there exists exactly one positive r, which is the unique positive solution of ͑2.1͒ with appropriate for any given positive masses m 1 , m 2 , and m 3 when ␣ Ͼ 0. Solving for M and from the first two equations, we have
͑3.1͒
Substituting , M into the third equation in ͑2.1͒, we have
The positive solutions of the above equation for any given positive m 1 , m 2 , and m 3 do not change by multiplying ͑1+r͒ ␣ r ␣ on both sides,
͑3.2͒
For any given ␣ Ͼ 0, each positive r such that P͑r , ␣͒ = 0 produces one CC for collinear three-body problem. Note that ͑͑1+r͒ ␣+1 −1͒ Ͼ 0 for any r Ͼ 0 and ␣ Ͼ 0, then A ij Ͼ 0. A simple calculation shows that
for any r Ͼ 0,␣ Ͼ 0 and positive m 1 , m 2 , and m 3 . This implies that for any ␣ Ͼ 0 and r Ͼ 0,
Fix ␣ ͑0,ϱ͒. Let r = r 0 ͑␣͒ be the smallest r ͑0,ϱ͒ such that P͑r , ␣͒ = 0. Then ‫ץ‬P͑r 0 ͑␣͒ , ␣͒ / ‫ץ‬r Ͼ 0 from ͑3.7͒. In fact, whenever P͑r , ␣͒ Ն 0, ‫ץ‬P͑r 0 ͑␣͒ , ␣͒ / ‫ץ‬r Ͼ 0 from ͑3.7͒. This implies that P͑r , ␣͒ Ͼ 0 for all r Ͼ r 0 ͑␣͒. Finally, since ‫ץ‬P͑r 0 ͑␣͒ , ␣͒ / ‫ץ‬r Ͼ 0 for any ␣ ͑0,ϱ͒, then the set ⌫ = ͕͑␣ , r 0 ͑␣͒͒ :0Ͻ ␣ Ͻϱ͖ is a smooth curve in the first quadrat of the ␣r-plane from the implicit function theorem. 
IV. PROOF OF THEOREM 1.5 BY INDUCTION
For any given masses m 1 , m 2 , ... ,m n , let x 1 , x 2 , ... ,x n be the positions on the line. By a translation x i = x i − c, the center of mass can be made at the origin ͑we still use x i instead of x i ͒. The system of equations for CC ͑1.3͒ is
͑4.1͒
Note that must be a positive parameter. If ͑x 1 , x 2 , ... ,x n ͒ is a CC for positive masses m 1 , m 2 , ... ,m n and positive , then ͑ax 1 , ax 2 , ... ,ax n ͒ ͑a Ͼ 0͒ is also a CC for the same masses and positive parameter / a ␣+1 and they are equivalent CCs. To study the number of central configurations, we can fix the parameter . We prove Theorem 1.5 by showing that the number of real solutions of ͑4.1͒ is n ! / 2 for any positive integer n Ն 3. We will adapt mathematical induction that is used in Ref. 7 and it consists of the following steps.
Step 1 (Assumption). To get the induction, it is assumed that for n = the number of real solutions of ͑4.1͒ for x 1 , x 2 , ... ,x is N , whatever real positive and positive m 1 , m 2 , ... ,m are given. It is known from Theorem 3.3 that when = 3 we have N 3 =3=3! / 2.
Step 2 (Infinitesimal mass extension). If an infinitesimal mass m +1 is added to the system m 1 , m 2 , ... ,m of positive masses, then the whole number of real solutions is ͑ + 1͒N .
Step 3 (Positive mass extension). As the infinitesimal mass m +1 increases continuously to any finite positive value the total number of real solutions remains precisely ͑ +1͒N .
Step 4 (Conclusion by induction). By mathematical induction, it is seen that the number of real solutions of ͑4.1͒ for + is N + = ͑ + ͒͑ + − 1͒¯͑ + 2͒͑ + 1͒N . When = 3, it is known that N 3 =3! / 2. Therefore N 3+ = ͑3+͒ ! / 2. Let 3 + = n and we have
To complete the mathematical induction, we only need to prove the results in steps 2 and 3.
Proof of steps 2 and 3: When there are finite bodies m 1 , ... ,m and the infinitesimal body m +1 , the system of Eq. ͑4.1͒ becomes
The last column of these equations is zero because m +1 = 0, but is written for use in the proof of the result in step 3. Consequently, the first equations are the equations defining the solutions when n = . By the assumption of induction in step 1, there are N real solutions for the first equations. Let any one of these solutions be
We are going to prove there are precisely + 1 real solutions of ͑4.4͒. Consider +1 as a function of x +1 . We can easily verify that 
